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Simulation of Phase Transitions of Single Polymer

Chains: Recent Advances

K. Binder,1 J. Baschnagel,2 M. Müller,1,3 W. Paul,1 F. Rampf 1

Summary: The behaviour of a flexible polymer chain in solvents of variable quality in

dilute solution is discussed both in the bulk and in the presence of an adsorbing wall.

Monte Carlo simulations of coarse-grained bead-spring models and of the bond

fluctuation model are presented and interpreted in terms of phenomenological

theories and scaling concepts. Particular attention is paid to the behaviour of the

polymer chain when the temperature of the polymer solution gets lower than the

Theta temperature. It is argued that the adsorption transition line at the Theta

temperature splits into lines of wetting and drying transitions of polymer globules

attached to the wall. In addition, it is shown that the coil-globule transition is

followed by a second transition, which in the bond fluctuation model is a crystal-

lization into a regular lattice structure. Performing a finite size scaling analysis on the

two transitions it is shown that (for the chosen model) both transitions coincide in

the thermodynamic limit, corresponding to a direct collapse of the random coil into

the crystal without intermediate coil-globule transition. The implications of this

result for the standard mean field or tricritical theory of the coil-globule transition

based on a truncated virial expansion are discussed.
Keywords: coil-globule transition; Monte Carlo simulation; polymer adsorption; polymer

crystallization; wetting
Introduction

Phase transitions for single polymer chains

can occur only in the limit of infinite chain

length, N!1. Classical problems are the

coil-globule transition that occurs when in a

dilute polymer solution (monomer volume

fraction f! 0) the solvent quality varies

from good solvent (swollen coils) to bad

solvent (collapsed coils) [1–3], or the adsorp-

tion transition of a single ‘‘polymer mush-

room’’ at a wall [4]. Despite much effort,

these problems are not fully understood, in

particular their interplay (dilute solution of

variable solvent quality exposed to an
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adsorbing wall).[5–13] The present paper

presents some simulation results to further

elucidate these problems.

First the problem will be introduced and

then the coil-globule transition and the

further fluid-solid transition [14] of the

globule in the bulk solution will be

considered, presenting recent results [15]

based on the bond fluctuation model [16–18]

using the Wang-Landau algorithm [19]. In

d¼ 3 dimensions, the surprising finding [15]

is that for N!1 these two transitions

coincide, so the chain directly goes from a

(gas-like) coil to the solid structure, the

fluid globule disappears. In d¼ 2 dimen-

sions, however, no sharp second transition

to a solid structure seems to occur [20].

In presence of a wall, these transitions

from coil to globule and solid compete

with the adsorption transition of the coil

(Figure 1). The standard case considered in

the literature [4,21] is that the temperature
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Figure 1.

Schematic phase diagram of a semi-infinite polymer solution (coordinate z> 0) with one attractive wall at z¼ 0

plotted in the plane of variables temperature T and volume fraction f taken by the monomers (upper part, left

hand side). At temperatures T< Tc (N), there occurs two-phase coexistence (in the shaded region) between a

dilute solution (volume fraction f
ð1Þ
coex) and a concentrated solution (volume fraction f

ð2Þ
coex). The chains in the

dilute solution for N!1 and T< u (TcðN ! 1Þ ! uÞ are collapsed (in the limit N!1 the coexistence curve

degenerates into two straight lines, f
ð1Þ
coex ¼ 0, and f

ð2Þ
coex / ðu � TÞ, as indicated). For f¼f

ð1Þ
coex and TwðNÞ <

T < TcðNÞ formation of a wetting layer occurs, as shown schematically in the lower right part of the diagram.

The monomer volume fraction profile f(z) vs z is plotted for T< Tw(N), left part, and for T> Tw(N), right part. The

shaded area underneath these profiles describes the surface excess S: S is finite for nonwet surfaces (T< Tw),

but S¼1 if the surface is wet. In the phase diagram drawn here it is assumed that the wetting transition is of

second order (i.e., there does not occur a prewetting transition line in the one-phase region). In addition, it is

assumed that an adsorption transition occurs in the limit N!1 at a temperature T¼ Ta in the good solvent

regime (T> u). For T< Ta the chains are adsorbed on the walls forming pancake-like quasi-two-dimensional

configurations, while for T> Ta the chains form non-adsorbed three-dimensional coils near the surface, as they

do in the bulk (right upper part). From Metzger et al.[12].
Ta of the adsorption transition exceeds the

u-temperature. But what happens if Ta

coincides with u or even falls below it? One

expects there should then be some relation

to wetting phenomena [22,23]: remember the

u-temperature is the limiting value of a line

of critical points of phase separation

between a semi-dilute solution and a dilute

solution of collapsed coils occurring in bad

solvents (for finite chain length N) [24,25]. As

N!1, the critical volume fraction
� 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
fc(N)! 0 and the critical temperature

Tc(N)! u (Fig. 1). Note that above some

wetting transition temperature Tw(N) the

dilute solution will exhibit a wetting layer at

the wall. The question arises, how is this

behaviour related to the adsorption of

single chains in bad solvents? [12]

Of course, there aremanymotivations to

consider such problems: synthetic polymers

at surfaces may have important applica-

tions as glues or lubricants, and variable
www.ms-journal.de



Macromol. Symp. 2006, 237, 128–138130
solvent quality always is an issue (e.g., if the

solvent is evaporated so the chains are

exposed to air, a very bad solvent for

polymers); also the present work may be

considered as a step towards the modelling

of biopolymers at membranes (remember

transitions of single proteins such as protein

folding). Here we shall not dwell further on

applications, but just consider the interplay

of energy and entropy that occurs here as a

fascinating topic in the statistical mechanics

of polymers.

Coil-Globule Transition in the Bulk Versus

Crystallization

For this study we use as coarse-grained

model for flexible polymers the bond

fluctuation model [16–18]. In this model

every effective monomer occupies all 8

corners of an elementary cube of the simple

cubic lattice, which then are blocked for

further occupation. These effective mono-

mers are then connected by effective bonds,

whose lengths are not fixed but allowed to

vary between 2 and
ffiffiffiffiffi
10

p
lattice spacings.

This model has been widely used [26]

because it can be simulated rather effi-

ciently, applying moves such as ‘‘random

hopping’’ of a monomer to a neighboring

place on the lattice [16–18], or by applying the

‘‘slithering snake’’ or ‘‘pivot’’ algorithms [26].

One finds that despite the lattice structure

many polymer properties resemble closely

those of more realistic off-lattice models,

whose simulation is much more costly[26].

To model the variable solvent quality, a

square well attraction between monomers

of range
ffiffiffi
6

p
lattice units and strength e¼ 1

is used. If we did straightforward Monte

Carlo simulations (with the Metropolis

acceptance rule [26]) on this problem, one

is restricted to [27] N� 150, because below

T¼ u the convergence is very slow, indicat-

ing equilibration problems for the collapsed

coils. The standard recipe to estimate u

from such simulations is to plot the mean

square gyration radius hR2
gi divided by N

versus temperature, because for T> u one

has [24,28]
�
R2

g

�
=N / N2n�1 � N0:18 ! 1 as

N ! 1, while for T¼ u for the collapsed

polymer globules one has instead
� 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
�
R2

g

�
=N / N�1=3 ! 0, for N!1. Precisely

at T¼ u one has
�
R2

g

�
=N ¼ const provided

logarithmic corrections [28] are disregarded.

In a plot of hR2
g/Ni versus T, using a range of

values for N, one roughly finds an inter-

section point at [27] u� 2.02� 0.02. Of

course, knowing that there are logarithmic

corrections [28] it may not be a wise strategy

to ignore them, this may give rise to severe

systematic errors. In fact, using the pruned-

enriched Rosenbluth method (PERM)

Grassberger [29] succeeded to increase the

range of chain lengths up to N¼ 600, and

including logarithmic corrections in his

analysis yielded [29] u¼ 2.10� 0.01. As we

shall see below, also this estimate needs to

be revised, and one now believes [15]

u¼ 2.18� 0.01 So even the accurate estima-

tion of the Theta temperature is a problem!

One reason for the difficulties is that for

T< u and long chains very dense chain

configurations occur, which are almost

completely ‘‘blocked’’ on the ‘‘Monte Carlo

time scales’’, so the algorithm is not really

ergodic in practice, and one needs better

algorithms!

This fact became evident when an

algorithm invented by Paul and Müller [14]

was used, which considers our three-dimen-

sional world as a hyperplane of a four-

dimensional thin film. Allowing the mono-

mers to make hops along the additional

fourth direction of space, the blocked

configurations in the ordinary three-dimen-

sional space now do relax! Of course, for a

correct sampling only those configurations

can be counted for the Monte Carlo

averages, where all monomers are back in

the three-dimensional hyperplane again. So

this algorithm also needs a lot of computer

time and gets difficult for very long chains.

Nevertheless, evidencewas given [14] that the

coil-globule transition at a lower tempera-

ture is followed by another transition, of

clear first-order nature with a latent heat

being present, where the chain forms a

crystalline solid phase.

The present work is based on another

recently invented [19] powerful algorithm,

which is based on the idea to directly

sample the density of states g(E). Remem-
www.ms-journal.de
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ber that the canonical partition function

Z(T) can be expressed in terms of g(E) as

ZðTÞ ¼
X
E

gðEÞ expð�E=kBTÞ; (1)

so if one knows g(E) accurately enough, the

problem is solved. One still uses importance

sampling, but instead of the standard

Metropolis acceptance criterion for a new

configuration the Wang-Landau method [19]

uses as a transition probability

prob ðold ! newÞ

¼ Min 1; g½EðoldÞ�=g½EðnewÞ�f g (2)

The idea of the algorithm is to perform a

random walk through configuration space

by using the above ordinary Monte Carlo

moves and record the number of config-

urations H(E) visited for given energy

values E. One uses an iteration procedure:

Starting with the arbitrary choice of

g(E)¼ 1 for all E, one modifies g(E) to

fg(E) after the Monte Carlo move that has

resulted in a visit to a state with energy E.

At the beginning, the choice f¼ e1 is made.

This is continued, using Eq. (2), until the

monitored histogram of visits H(E) is

sufficiently flat. Then one sets H(E)¼ 0

for all E again, and repeats the samp-

ling with a new choice for f, namely

fnew ¼
ffiffiffiffiffiffiffi
fold

p
. By ‘‘sufficiently flat’’ we
Figure 2.

Logarithm of the density of states for polymer chain

attractive energy e¼ 1 of range
ffiffiffi
6

p
between monomers

Rampf et al. [15].
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require in practice that the number of visits

to any state is a least 80% of the average

number over visits for all states. For f! 1

the method fulfils detailed balance, and the

measured density of states g(E) converges

to the exact one. This method has already

been proven very useful for many

models [30].

For our model the energy falls in the

interval [Emin, 0] with – 5N<Emin< – 4 N.

We performed simulations for subintervals

of this range of typical widths 100–200,

where adjacent subintervals had an overlap

equal to half their widths. Results for g(E)

in these overlap regions from different

subintervals typically agree within a rela-

tive accuracy of 10�6 to 10�5. For N¼ 128,

we performed 10 independent determina-

tions of ‘n½gðEÞ� and found that the

maximum relative deviation never

exceeded 10�4.

In this way it is possible to sample a g(E)

that spans an enormously large range (note

that for N¼ 512 ‘n½gðEÞ� spans a range of

about 900 already, see Fig. 2). Note that

g(E) can only be obtained up to some

undetermined constant factor: so we

have chosen the arbitrary normalization

gN(E¼ 1)¼ 1 for all N, but for the compu-

tation of observables such as the specific

heat this normalization constant does not

matter.
s described by the bond fluctuation model with an

, for chain lengths N in the range 32�N� 512. From

www.ms-journal.de
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Figure 3.

Specific heat plotted vs. temperature for various chain lengths, as indicated. Note the logarithmic ordinate

scale. From Rampf et al.[15].
The specific heat is easily obtained from

Eq. (1) via the fluctuation relation

CNðTÞ ¼ ð E2
� �

� Eh i2Þ=T2 (3)

One sees (Fig. 3) that a broad peak starts

to develop already at rather high tempera-

tures and on top of this peak a rather sharp

second peak grows, developing into a delta

function for N!1. This peak is connected

with a crystallization transition in our

model.

The crystalline state reached at tem-

peratures below this liquid-solid transition

is still rather disordered, as far as the

orientations of the effective bonds are

concerned (Fig. 4a). However, if we do

not display the bonds at all, but rather draw

spheres around the centers of mass of all

monomers, then we clearly recognize that
Figure 4.

a) Snapshot picture of a crystallized chain of length

N¼ 512 with an energy per monomer of E� - 5.2

forming a solid globular state. Bonds are presented as

cylinders b) Same as a, but displaying the monomers

(shown as spheres) omitting the bonds between

them. From Rampf [20] (¼Figure 4.25� 4.26, right

part).
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there is crystalline order really present, with

a cubic structure. Due to the underlying

simple cubic lattice, the structure must be

commensurate with this lattice. However,

the favoured structure is neither simple

cubic nor body-centered cubic or face-

centred cubic, at least for the accessible

values of N. Rather one finds [20] a modified

hexagonal-like packing with a layer

sequence ACBC, where the subsequent

double-layers AC and BC are turned with

respect to each other by 90 degrees.

This first order transition, which has a

latent heat of about [15] DU/N¼ 1.8� 0.2,

means that there occurs two-phase coex-

istence between liquid and solid phases at

the transition temperature. Of course, for

finite N this transition is rounded by finite

size, but its location can be found rather

accurately by the ‘‘equal weight rule’’ [30].

The density profiles around the center of

mass of the globule at phase coexistence are

shown in Fig. 5. Note that the widths of the

interface between the fluid phase and

surrounding gas increases much stronger

with N than the corresponding width for the

crystal-gas interface. As it must be, the

density in the crystal interior is high and

independent of chain length; in the fluid

phase, the density rliquid(N) is lower and

systematically decreases with increasing N.

Actually this decrease can be fitted to a

power law, rfluid / N�0:153. However, the

exponent of this power law is not in accord

with the theoretical prediction. Using the
www.ms-journal.de



Macromol. Symp. 2006, 237, 128–138 133

Figure 5.

Radial density profile at phase coexistence for the fluid globule (upper part) and the solid globule (lower part),

for chain length from N¼ 32 to N¼ 512, as indicated. Note that in the solid phase the density in the globule

interior is independent of N, while in the fluid phase the density decreases systematically with increasing N, as

indicated by the horizontal straight lines. From Rampf [20].
crossover scaling description of the coil-

globule transition[1–3,24] for the mean

square gyration radius

R2
g

D E1=2
¼ N1=2f�ðNt2Þ;

t � 1� T=u

(4)

and the condition that for T< u the scaling

function f_(x) behaves as f_(x)/��1/6 for

x!1 one concludes that
�
R2

g

�1=2 /
ðN=tÞ1=3 for large N and thus the volume

V taken by the globule scales as

V /
�
R2

g

�3=2 / N=t, implying that the

liquid density is rliquid ¼ N=V / t. Since
Figure 6.

Chain length dependence of the temperature of the sp

circles) and for the liquid-solid transition (open squares).

latter vs. N�1/3 (scale on bottom). The filled diamonds are

from intersections of R2g(T)/N versus T curves for chain len

vs. N�1/2 (scale on top). The fit curves are discussed in

� 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
as we shall show below, the distance ttr of

the liquid-solid transition from the Theta

temperature scales as ttr / N�1=3, one

would predict rliquid / N�1=3 as well, at

variance with the observation.

Fig. 6 presents our results for the shift of

the coil-globule and liquid-solid transitions

with chain length N. For the coil-globule

transition one expects from the standard

theory [1–3,24] that

TuðNÞ ¼ u � a1=
ffiffiffiffi
N

p
þ a2=N þ� . . . ; (5)

where a1, a2 are constants. For the crystal-

lization transition, however, we expect that

the shift of the transition is due to surface
ecific heat peak for the coil-globule transition (open

The former are plotted vs. N�1/2 (scale on top) and the

estimates for the coil globule transition temperature

gths N and 2N, assigned to chain length N, and plotted

the text. From Rampf et al.[15].

www.ms-journal.de
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effects, and since the relative importance of

the surface free energy of the crystallite

relative to its bulk free energy should

decrease as N�1/3, we expect for the

transition temperature a relation

TtrðNÞ ¼ Tcrys � b1=N
1=3 þ� . . . (6)

The data (Fig. 6) indeed are compatible

with such extrapolations, but surprisingly

we find that in the limit N!1 the

crystallization temperature Tcrys coincides

with the Theta temperature u! So in the

limit of very long chains the temperature

region where the fluid globule exists

becomes vanishingly small. We have no

convincing explanation why this happens

for our model, and we do not know to what

extent this is a general feature of all

polymers or only a specific property of

our model. Of course, for off-lattice models

we expect a glassy solid rather than a crystal,

and there exists preliminary simulation

evidence in favour of this globule-glass

transition[31], but otherwise the problem

whether or not these two transitions coin-

cide for N!1 remains.

Here we also comment on the problem

of locating the Theta point via intersections

of hRg2/Ni vs. T curves. On a very expanded
Figure 7.

Mean-square radius of gyration divided by chain length

from N¼ 32 to N¼ 256. The apparent intersection point

temperature. A closer look (insert) shows, however, tha

higher temperature the larger the chain length. Note also

the crystallization transition. From Rampf et al.[15].

� 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
temperature scale, it looks as if a well-

defined intersection point slightly above

T¼ 2 is present, as claimed by Wilding

et al. [27] (Fig. 7). Zooming in by expanding

the scales, however, we see that the inter-

section points shift systematically to higher

temperature the larger N. Extrapolating

successive intersections is compatible with

our estimate u¼ 2.18� 0.01 (Fig. 6).

Such data for the gyration radius or end-

to-end distances are also obtained from

Wang-Landau sampling, recording [15,20] in

each configuration XE of the final histo-

gram H(E) the corresponding observable

R2
gðXEÞ, and thus

R
2

gðEÞ ¼ ½1=HðEÞ�
XHðEÞ

XE¼1

R2
gðXEÞ (7)

In this way, more precise data than by Me-

tropolis sampling [27] could be obtained. [15]

Being interested in the interplay of

collapse and adsorption (Fig. 1) we have

repeated this study for two-dimensional

polymers [20] (this case is appropriate if

Ta� u). No clear signal of two distinct

transitions as yet could be observed,

however. Extrapolating the position of

the specific heat peaks is compatible with

a preliminary estimate for the Theta
as a function of temperature, including chain lengths

yields a rough estimate of the coil globule transition

t all intersection points shift systematically towards

for N¼ 256 the rounded step near T¼ 1.55, signifying

www.ms-journal.de
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temperature u¼ 1.30� 0.05 in d¼ 2 dimen-

sions. More work is still necessary to clarify

this problem, however.

Chain Collapse Versus Chain Adsorption

Finally, we discuss the problem posed in

Fig. 1, when both energy scales e for the

collapse and ew for adsorption become

comparable. We discuss this problem in

terms of a qualitative three-dimensional

diagram (Fig. 8) with inverse adsorption

energy ~"�1
w ð~"w ¼ "w=TÞ and inverse energy

between monomers ~"�1ð~" ¼ "=TÞ and the

volume fraction f of the monomers in

solution as variables. The adsorbed chains

exist in the limit N!1 to the right of the

broken line in the f¼ 0 plane, for T>f.

For finite chain lengths, there are transi-
Figure 8.

Conjectured global phase diagram of adsorption and

Parameters chosen are the normalized interaction ene

normalized short-range monomer-wall interaction, ~"w
solution. The adsorption transition occurs only for N

approximated as a straight line here (for ~" < ~"0, i.e. temp

of the plane, f¼ 0, ~" < ~"u , where from a dilute solut

configuration, is shown as a shaded area. For ~" < ~"u
diagram does not depend on ~"w , of course. For N!1 th

simply a straight line f / 1� T=u ending in the Theta po

is the ordinate axis (f¼ 0) in that plane. For finite N,

corresponds to Tc(N) in Fig. 1, and there is a nonzero cr

transition in the bulk, on the surface one expects a surfac

linearly to the order parameter of the transition) vanish

occur. These wetting transitions can be of first order, sec

wetting/drying transitions merge with the line of SB tran

since the latter also is a SB multicritical point in the fi

� 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
tions at finite concentrations below the

critical temperature Tc(N), and at the

coexistence curves of these phase separa-

tions there occur wetting and drying

transitions, if the solution is exposed to a

wall. These transitions can be critical

(second order), first order, or tricritical.

When the chain length N goes to infinity,

the critical temperature of phase separation

moves into the Theta temperature, the

coexistence curve tends into two straight

lines. Then also the tricritical wetting or

drying transitions must converge into the

Theta temperature at the adsorption transi-

tion point. This consideration indicates that

at the Theta temperature the structure of

adsorbed chains will change. A nonad-

sorbed ‘‘mushroom’’ at the Theta tempera-
tri-critical wetting transitions of polymer solutions.

rgy between monomers in the bulk, ~" ¼ "=T, and a

¼ "w=T, and the monomer volume fraction in the

!1 in the plane f¼ 0, for ~"w ¼ "að~"Þ, which is

eratures higher than the Theta temperature). The part

ion chains get adsorbed in a quasi-two-dimensional

phase separation in the bulk occurs. The bulk phase

e polymer-rich phase boundary in the ~"�1 � f plane is

int, while the phase boundary poor in polymers simply

phase separation occurs only of ~" exceeds ~"c which

itical volume fraction fc(N). For this Ising-type phase

e-bulk (SB) multicritical point if surface fields (coupling

, while for nonzero surface fields wetting transitions

ond order, or tricritical; one expects that the tricritical

sitions at the Theta point at the adsorption transition,

eld-theoretic description. From Metzger et al.[12].

www.ms-journal.de
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Figure 9.

Phase diagram in the limit N!1 as a function of the

temperature T and the monomer wall attraction ew
(schematic). The line of adsorption transitions

approaches the u-temperature without singularity.

From Metzger et al.[12].
ture will transform into a globule touching

the surface at the anchoring point of this

end-grafted polymer chain (Fig. 9), an

adsorbed ‘‘pancake’’ will transform into a

much denser wetting layer. The adsorption

transition at the Theta temperature should

then split into two transitions, drying and

wetting transitions: in between we predict

states of incomplete wetting. We speculate

that the infinitely long chain in this region

may resemble a sphere-cap shaped droplet

attached to the wall (Fig. 9). Note that in

Fig. 9 we have allowed for a dependence of

the adsorption threshold on T/e, although
no such dependence could be detected in

numerical studies so far [8].

So far, we have taken only modest first

step towards studying this problem

sketched in Fig. 9, using an off-lattice

bead-spring model [32]. Nonbonded beads

interact with Lennard-Jones forces,

ULJðrijÞ ¼ 4" ðs=rijÞ12 � ðs=rijÞ6
j k

þ C;

r � rc ¼ 2:21=6s;

(8)

while ULJ (rij> rc)¼ 0, and the constant C is

chosen such that ULJ(rij¼ rc) is continuous.

Between bonded atoms there acts in

addition the finitely extensible nonlinear
� 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
elastic (FENE) potential,

UFENEðrijÞ ¼ � 1

2
KR2

0‘n 1�
r2ij

R2
O

 !
;

rij < R0;UFENEðrij > R0Þ ¼ 1;

(9)

where K¼ 30, R0¼ 1.5 (choosing units

e¼ 1, s¼ 1. This choice ensures that the

potential minimum for bonded neighbors

along the chains occurs for rmin¼ 0.96,

while for nonbonded ones it occurs for

rmin¼ 21/6� 1.13. Due to the misfit between

these two distances no crystal formation is

found at low temperatures, rather the

system freezes into a glassy state [32]. This

transition occurs at a very low temperature,

Tglass� 0.4, far below the Theta tempera-

ture (u� 3.3� 0.2)[33] leaving a broad range

of T< u accessible for our simulations.

As a first step, the adsorption transition

in this model has been studied carefully, [12],

using a wall potential

UwðzÞ ¼ "w½z�9 � fz�3

þ ðD� zÞ�9�;
f ¼ 100;

(10)

using a box geometry L�L�D with one

attractive wall at z¼ 0 and a purely

repulsive wall at z¼D, with box sizes up

to L¼ 500, D¼ 500 (and periodic boundary

conditions in x and y directions). Note that

Eq. (10) can be interpreted as resulting

from integrating over a standard 12 – 6

Lennard-Jones potential over a half space.

Due to the choice of the parameter f Uw(z)

has its minimum at about zmin� 0.57.

Choosing T¼ 4, slightly above T¼ u, the

adsorption transition has been located in

two ways: (i) from a scaling analysis of the

linear dimensions of the adsorbed chain (ii)

from a scaling analysis of the surface excess

defined from the density profile f(z) of the

solution as

rs ¼
ZD=2

0

½fðzÞ � fbulk�dz=N (11)

It was found [12] that for N!1 the surface

excess changes sign at the adsorption

transition, which occurs at ea¼ 0.00938�
0.00026 (Fig. 10). Note that rs is expected to
www.ms-journal.de
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Figure 10.

a) Surface excess density (rs plotted vs. ew. for a bulk density rbulk ¼ 4� 10�6 and several choices of N as

indicated. b) Scaling plot of the surface excess rs vs the scaled distance ð"w="a � 1ÞN’ for a choice w¼ 0.5 for

the crossover exponent, ea¼ 0.00938, and five different values of N. From Metzger et al.[12].
diverge to þ 1 (- 1) if a wetting (drying)

transition occurs. It remains to carry out

studies as shown in Fig. 10 for T< u,

however. Thus verification of the specula-

tive predictions shown in Figs. 8, 9 is still

open.
Discussion

The phase behavior of single polymer

chains in bulk solution or end-grafted at

walls is still purely understood. While in the

limit where the chain length N!1 three

phases occur, analogous to the three phases

gas, liquid, solid of bulk matter, namely the

swollen coil
��
R2

g

�
/ N2n

�
with n � 0:59),

the collapsed fluid globule
��
R2

g

�
/ N2=3

�
and the solid (crystalline or glassy) state,

the nature of the transition between these

states in bulk solution still seems incom-

pletely understood. For chains end-grafted

at walls these transitions compete with the

adsorption transition, if an attractive inter-

action between the monomers and the wall

is present. Under bad solvent conditions, a

relation to wetting phenomena is predicted,

but a full understanding of the global phase

diagram is still lacking.
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